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Abstract. The one-neutron halos lying in the island of inversion around N = 20 has provided the podium, to study
the variation of total low-lying dipole strength with the neutron separation energy. We study three probable p-wave
one-neutron halo candidates 31Ne and 34Na and 37Mg lying in the island of inversion. A simple analytic model has
been used for the calculation of the total low-lying dipole strength for the medium mass p-wave one-neutron halos. A
correction factor to this analytical model has been estimated with a realistic Woods-Saxon potential. A comparison of
these analytic calculations has been made with the those performed by a finite-range distorted-wave Born approximation
theory of the Coulomb dissociation. We also make an estimate of the one-neutron separation energies of 31Ne, 34Na
and 37Mg.
PACS. XX.XX.XX No PACS code given
1 Introduction
The advent of new dedicated radioactive-ion beam (RIB) fa-
cilities around various parts of the globe has provided access
to proton and neutron-rich exotic nuclei in and beyond the pf -
and sd- shell regions. One of the most notable feature among
these short lived exotic nuclei is the formation of proton and
neutron halos [1], found near the proton and neutron drip lines,
respectively. In the neutron-rich region, the neutron halos are
not only found in the lighter mass nuclei but also possibly in
the nuclei as heavy as Mg [2]. These neutron halos are char-
acterized by the large spatial extension [1], large matter radius
[3], small neutron separation energies [1, 3], and concentration
of electric dipole strength at low excitation energy [4, 5, 6],
in comparison to the neighboring isotopes. Nowadays, the re-
action studies involving these relatively heavy neutron halos
has gained considerable attention. The experiments with these
medium mass halos reported the strong dipole strength at the
continuum threshold [7] and this strength can be linked to the
favorable matching of the weakly bound state and the low-lying
continuum state in the transition matrix element [8, 9, 10, 11].
In the medium mass region, for the neutron-rich isotopes
of Ne, Na and Mg with N ≈ 20 lying in island of inversion,
the vanishing of shell gaps causes the mixing of normal and in-
truder neutron configurations which further has strong impact
on the ground state properties of these nuclei [12, 13]. For
the present study we choose three different possible p-wave
one-neutron halos 31Ne and 34Na and 37Mg. Recently, these
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possible p-wave one-neutron halos has gained attraction from
theoretical as well as experimental points of view.
In the conventional shell model picture, the valence neutron
in the ground state of 31Ne (N = 21) is expected to present in
0f7/2 orbit. In the late nineties, the dominant 0f7/2 valence-
neutron configuration expected from conventional shell order-
ing was ruled out in various theoretical calculations and was
predicted to be in 1p3/2 [14, 15]. This p-wave dominance was
confirmed later at RIKEN by observing large Coulomb breakup
cross section for 31Ne, which is indicative of a soft E1 ex-
citation [16]. This measurement triggered off several theoreti-
cal investigations which leads to the conclusion that the spin-
parity of the ground state of 31Ne is 3/2
−
[17, 18, 19, 20, 21]
rather than 7/2
−
as suggested by shell model. The measured
values for the one-neutron separation energy (Sn) of
31Ne are
very small, i.e., 0.29 ± 1.64MeV [22], 0.06 ± 0.41MeV [23]
and 0.15+0.16
−0.10MeV via 1n-removal reactions [24], where as the
evaluated Sn is 0.30± 1.6MeV [25].
There is scarce experimental and theoretical information
available over the ground state of possible one-neutron halo
34Na (N = 23) and 37Mg (N = 25) in comparison to 31Ne.
Recently, similar to the patterns detected in 31Ne, evidences
of p-wave halos in the 34Na [23, 26, 27, 28] and 37Mg [2,
29] were reported. The measured one-neutron separation en-
ergy of 34Na is 0.17 ± 50MeV [23] and its evaluated value is
0.80± 0.008MeV [30] whereas in Ref. [26], an upper limit of
0.2MeV has been suggested for Sn. For
37Mg, the mass sys-
tematics suggests its Sn to be 0.16± 0.68MeV [31]. Coulomb
dissociation measurements suggests it to be 0.22+0.12
−0.09MeV [2]
and the value based on this measurement extractedwith a finite-
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range distorted-wave Born approximation (FRDWBA) theory
to be 0.35± 0.06MeV [29].
In the context of large ambiguities present over the Snvalues
for these three p-wave one-neutron halos, we present the scal-
ing of Sn with the peak of dipole strengths by using an ana-
lytic model [10]. Similar work have also been reported in Refs.
[8, 9, 11]. In fact, in this simple analytic model the estimate
of the total low-lying dipole strength for one-neutron halos in
terms of their separation energy has been made and is imple-
mented on lighter one neutron halo 19C [10]. The total strength
obtained in this study was inversely proportional Sn.
The main purpose of the present study is to investigate the
analytic estimate of dipole strength distribution for the medium-
mass nuclei 31Ne, 34Na and 37Mg lying in the island of in-
version and to investigate the contribution of different transi-
tions in the total strength. To compare the analytic results, we
use the post form finite-range Distorted-wave Born approxi-
mation (FRDWBA) theory of the Coulomb dissociation [32].
Coulomb dissociation method has been widely used as a probe
to study the multipole responses of the weakly-bound system.
The dissociation cross-section can be linked to the electromag-
netic strength B(Eλ), which further provides information about
the projectile ground state [33, 34, 35, 36, 37]. The peak posi-
tions of the dipole strength distribution could be used as a tool
to predict the one-neutron separation energy of the concerned
projectile.
The paper is organized as follows. Section 2 briefly de-
scribes the mathematical set up of the analytic model and the
FRDWBA theory. Section 3 presents our results from the ana-
lytic estimates of the dipole strength distribution for the three
different p-wave one-neutron halos 31Ne and 34Na and 37Mg
and also comparison is shownwith FRDWBA results. In Sec. 3.1
the scaling of Sn with dipole strength is discussed. Finally, con-
clusions are made in Sec. 4.
2 Electric-dipole strength distribution - The
analytic set up
We use an analytical model to calculate the dipole strength dis-
tribution [10] for one neutron halo nuclei. The analytical model
is first order theory and this theory works fairly well to study
the nature of peripheral reactions involving the halo nuclei. The
dipole strength distribution for the single-particle dipole tran-
sition from a bound state φb(r) with Sn to a continuum state
φc(Ec, r) with continuum energy Ec is given by [9, 10],
dB(E1)
dEc
= (3/4π)(Z
(1)
eff e)
2〈ℓ010|ℓ
′
0〉2
∣∣∣∣∣
∫
dr φb(r) φc(Ec, r)r
3
∣∣∣∣∣
2
. (1)
The effective charge Zeff for a given multipolarity λ is defined
as [11],
Z
(λ)
eff =
Aλ1Z2 + (−1)
λAλ2Z1
(A1 +A2)λ
, (2)
with Zi and Ai being the charges and masses of the core and
of a neutron for i = 1, 2. For the neutron dipole (λ = 1)
transitions Zeff is simply reduced to −Z/A and in the present
study the spin is neglected for simplicity. Generally in two-
body (core+neutron)model, the single-particle bound and con-
tinuum states are obtained as eigen states of the core+neutron
potential.
In the limit of very low separation energy, the dipole strength
distribution can be described analytically [38, 39, 40]. In fact,
for the small Sn, most of the contribution in Eq. (1) comes from
the asymptotic region, and therefore the asymptotic form of the
wave function can be used for both the bound and continuum
states. In the present study, the asymptotic form of the bound
and continuum states are assumed to be expressed in terms of
the spherical Hankel function of the first kind, h
(1)
ℓ (z), with
proper normalization and spherical Bessel function normalized
to delta function, respectively. The detailed mathematical ex-
pressions for these asymptotic forms of the wave functions can
be found in the Ref. [10].
By using these assumed asymptotic forms of the wave func-
tions, Eq. (1) is reduced to much simpler form in the case of
transitions starting from initial p-state. The simplified expres-
sion for the dipole strength distribution for the transition from
the bound p-state to continuum s-state is given by,
dB(E1)
dEc
(p −→ s) =
µ
2π2ℏ2
(ℏ2/2µ)7/2(Z
(1)
eff e)
2N2b
E
1/2
c (Ec + 3Sn)
2
S2n(Ec + Sn)
4
, (3)
where µ is the reduced mass and Nb is the normalization fac-
tor for the bound state. For a dipole transition from bound p-
state, the maximum of the strength distribution occurs at Ec =
0.18Sn for the continuum s-states. Similarly for the transition
from the bound p-state to continuum d-state the dipole strength
distribution is given by,
dB(E1)
dEc
(p −→ d) =
4µ
ℏ2π2
(ℏ2/2µ)7/2(Z
(1)
eff e)
2N2b
E
5/2
c
S2n(Ec + Sn)
4
, (4)
and for this case the maximum occurs at Ec = 5/3Sn for the
continuum d-states. The total B(E1) values are obtained by in-
tegrating Eqs. (3) and (4) over the continuum energy (Ec).
One can also estimate the total B(E1) in the extreme single-
particle model provided other excited bound states do not con-
tribute to the dipole transition, as
B(E1) =
3
4π
(Z
(1)
eff e)
2〈r2〉. (5)
Expressing the bound state wave function (φb) in terms of the
asymptotic form of the spherical Hankel function, the mean
square radius of bound p-state is simply given by,
〈r2〉 = 〈φb(r)|r
2 |φb(r)〉. (6)
Taking,
φb(r) = Nbh
(1)
1 (iar)
r→∞
−−−→ Nb i exp(−ar)/ar, (7)
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where, a2 =
2µSn
~2
, the mean square radius further reduces
to the simpler form
〈r2〉MI =
1
2a2
=
ℏ
2
4µSn
. (8)
This method of obtaining total B(E1) value can be called as
model independent method (MI). From Eqs. (5) and (8) it can
be found that the total B(E1) strength is inversely proportional
to the separation energy [41] in actual cases. Interestingly tak-
ing the asymptotic form of the Hankel function itself makes
〈r2〉MI independent of ℓ.
The Coulomb breakup reactions with halo nuclei provides
a convenient tool to study their electric-dipole responses [37,
42, 43]. In order to compare the analytic estimation of dipole
strength distribution with the realistic reaction theory estimate
we have used the post form finite-range distorted-wave born
approximation (FRDWBA) theory [32].
In FRDWBA framework, for the Coulomb breakup reac-
tion, a + t→ d + n + t, where the projectile (a neutron halo)
breaks up into two fragments d (charged core) and n (valence
neutron) in the Coulomb field of a target t, the triple differential
cross-section is given by
d3σ
dEndΩbdΩn
=
2π
~υat
ρ
∑
ℓm
|βℓm|
2. (9)
Here υat is the relative velocity of a − t system in the ini-
tial channel, ρ is the appropriate three-body phase space factor
[44] and βℓm is the reduced transition matrix. Eq. (9) is multi-
plied with appropriate jacobian to get the relative energy spec-
tra
dσ
dEc
[44, 45]. Input to the FRDWBA theory is the realistic
wave function that describes the relative motion between the
valence neutron and the core in the ground state of the projec-
tile. The detailed formalism and discussion of FRDWBA can
be found in [32, 46]. The Coulomb breakup cross-section is re-
lated to the dipole strength distribution [dB(E1)/dEc] and is
given by relation [33, 42],
dσ
dEc
=
16π3
9~c
nE1
dB(E1)
dEc
, (10)
where nE1 is the number of virtual photons for E1 excitation.
We will compare our analytic estimate for the dipole strength
distribution with the one obtained by Eq. (10). It needs to be
mentioned, of course, that the calculation of dipole strength
[dB(E1)/dEc] would be independent of the beam energy of
the projectile. This gives us the opportunity to relate our rela-
tive energy spectra to those already reported in Refs. [20, 28,
29].
As discussed in [10], one expects the deviation in the ana-
lytic estimate from the exact calculations, i.e., FRDWBA esti-
mate. This deviation originates from the effect of the binding
potential on the bound wave function. The multiplicative cor-
rection factor (CF) can be obtained for this deviation. In order
to derive the CF we assume a realistic potential, i.e., Woods-
Saxon potential (WS) with radius parameter as 1.236 fm and
diffuseness parameter as 0.62 fm. The CF depends on the sep-
aration energy and the potential radius R, and is given by
CF =
F (Sn, R)
〈r2〉MI
, (11)
with F (Sn, R) as
F (Sn, R) =
Ad
Aa
〈r2〉d +
Ad ∗An
A2a
〈r2〉WS. (12)
In Eq. (12), Ad is the mass of the core, An is the mass of
the valence neutron and Aa is the mass of the projectile. The
mean square radius of the core is 〈r2〉d and 〈r
2〉WS is the mean
square intercluster distance between core and valence neutron
using the Woods-Saxon potential. Eq. (12) is a consequence of
considering the finite size of the core of the nucleus 1.
In the next section, the analytic estimates of Eq. (3) and
Eq. (4) with CF has been compared with FRDWBA estimates.
3 Results and Discussions
We study the dipole strength distribution for the three p-wave
one neutron halos, i.e., 31Ne, 34Na and 37Mg at zero deforma-
tion. The total dipole strength for all these three systems in-
clude contributions from two transitions, i.e., from the ground
p-state to continuum s and d-states. The parameters used in
Eq. (12) for the three nuclei are summarized in Table 1.
Table 1: The parameters used in Eq. (12) are rd =
√
〈r2〉d =
1.236A
1/3
d and rWS =
√
〈r2〉WS (calculated from WS poten-
tial), for the three nuclei.
Nucleus rd (fm) rWS (fm)
31Ne 3.84 3.98
34Na 3.96 4.14
37Mg 4.09 4.19
Figure 1 plots the dipole strength distribution for 31Ne with
the continuum energy (Ec). The percentage contribution for the
transition from the ground p-state to continuum s and d-states
are 48% and 52% respectively. The maximum of the strength
occurs at Ec = 0.05MeV which is 0.18Sn for p to s-state
and at Ec = 0.48MeV which is 5/3Sn for p to d-state. Fig-
ure 1(a) shows the the analytic estimate without CF for the to-
tal dipole strength and its contributed transition strengths. In
order to compare the analytic estimate of dipole strength dis-
tribution we study the Coulomb dissociation of 31Ne on 208Pb
at 234MeV/u. Figure 1(a) also shows the comparison of FRD-
WBA estimate with the total dipole strength obtained analyt-
ically without CF, we find the noticeable difference between
1 The mean square matter radius of a nucleus with mass number A
in terms of expectation values, (see Eq. (A.4) in Ref.[47])
〈r2〉A1+A2 =
A1
A
〈r2〉A1 +
A2
A
〈r2〉A2 +
A1A2
A2
〈R2〉
In our case A1 = Ad, A2 = An, A = Aa and we have neglected the
second term of above contributed by the neutron.
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Fig. 1: (Color online) Dipole strength distribution in 31Ne as a
function of the energy in the continuum, for the initial p- state
bound by Sn = 0.29MeV. (a) Solid curve refers to the ana-
lytical results without CF for the total dipole strength, where
as the dashed and dotted curve refers to the transitions from
the ground p-state to the continuum s and d-states respectively.
The dot-dashed curve refers to the FRDWBA results. (b) Com-
parison of the analytic estimate with the CF and the FRDWBA
results.
both of these estimates. As discussed in section 2, one needs
to introduce the multiplicative CF for the analytic estimates.
Figure 1(b) shows the comparison between the analytic results
with CF= 0.3 and the FRDWBA results. The grazing angle for
FRDWBA calculation is 1.1◦ which ensures the dominance of
Coulomb breakup. The total integrated dipole strength for 31Ne
case amounts to be 1.3 e2fm2 and 1.1 e2fm2 from the analytic
and FRDWBA estimates respectively, whereas from the model
independent calculation it amounts to be 1.3 e2fm2.
Figure 2(a) shows the total dipole strength distribution of
34Na obtained analytically without CF along with its compar-
ison with FRDWBA estimate. Similar to 31Ne we find the no-
ticeable difference between both of these estimates. The tran-
sitions from the ground p-state to the continuum s and d-states
contribute 44% and 56% respectively to the total strength. We
observe a maximum of the strength distribution occurs atEc =
0.03 MeV which is 0.18Sn for p to s-state and at Ec = 0.28
MeV which is 5/3Sn for p to d-state. We study the Coulomb
dissociation of 34Na on 208Pb at 100MeV/u to compare the an-
alytic estimate of dipole strength distribution. The comparison
between the analytic results with CF= 0.23 and the FRDWBA
results shown in Fig. 2(b) and the grazing angle for FRDWBA
calculation is 2.1◦. From both analytic and FRDWBA theory,
the total integrated dipole strength for 34Na case comes to be
1.7 e2fm2 and 2.0 e2fm2 respectively, whereas from the model
independent calculation it comes to be 2.2 e2fm2.
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Fig. 2: (Color online) Dipole strength distribution in 34Na as
a function of the continuum energy, for the initial p- state
bound by Sn = 0.17MeV. (a) Solid curve refers to the ana-
lytical results without CF for the total dipole strength, where
as the dashed and dotted curve refers to the transitions from
the ground p-state to the continuum s and d-states respectively.
The dot-dashed curve refers to the FRDWBA results. (b) Com-
parison of the analytic estimate with the CF and the FRDWBA
results.
Similar to 31Ne and 34Na Fig. 3(a) shows the dipole strength
distribution of 37Mg obtained analytically without CF along
with its comparison with FRDWBA estimate, again we find
the noticeable difference between both of these estimates. The
transitions from the ground p-state to the continuum s and d-
states contribute 51% and 49% respectively to the total strength.
For p to s-state we obtain a maximum of the strength distri-
bution at Ec = 0.06MeV which is 0.18Sn and for p to d-
state, it is at Ec = 0.58MeV which is 5/3Sn. In order to
compare the analytic estimate of dipole strength distribution
we study the Coulomb dissociation of 37Mg on 208Pb lead tar-
get at 244MeV/u. Figure 3(b) shows the comparison between
the analytic results with CF= 0.5 and the FRDWBA results
with grazing angle equals to 1.1◦. For 37Mg, the total inte-
grated dipole strength amounts to be 1.4 e2fm2 and 1.0 e2fm2
from both the analytic and FRDWBA estimates respectively,
whereas from the model independent calculation it amounts to
be 1.1 e2fm2.
The analytic model which uses the asymptotic form of the
bound and continuum wave function only gives a broad trend
of the observable. The FRDWBA model on the other hand in-
cludes more realistic wave function. Therefore the disagree-
ment at low energies which calculates
dB(E1)
dEc
should be seen
in this light. We however reiterate that the total B(E1) is sim-
ilar in magnitude for the analytic, FRDWBA and the so called
model independent estimates. However it is not clear if this
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Fig. 3: (Color online) Dipole strength distribution in 37Mg
as a function of the continuum energy, for the initial p- state
bound by Sn = 0.35MeV. (a) Solid curve refers to the ana-
lytical results without CF for the total dipole strength, where
as the dashed and dotted curve refers to the transitions from
the ground p-state to the continuum s and d-states respectively.
The dot-dashed curve refers to the FRDWBA results. (b) Com-
parison of the analytic estimate with the CF and the FRDWBA
results.
similarity is due to a particular separation energy or it should
be valid even if the separation energy is varied. In fact, this
gives us the motivation to probe the variation of the low lying
dipole strengths in these nuclei as a function of its separation
energy.
3.1 Scaling of the dipole strength with separation
energy
We make analytic and FRDWBA estimates of the total inte-
grated dipole strengths (B(E1)) for 31Ne, 34Na and 37Mg with
wide range of the separation energies, i.e., 0.1-1.5MeV. Fig-
ure 4, plots the B(E1) as a function of the separation energy.
The dot-dashed line in the Fig. 4 refers to the FRDWBA results,
where bound and continuum single-particle states are gener-
ated by using a Woods-Saxon potential and the potential pa-
rameters are adjusted to reproduce the separation energy of the
ground state of projectile. The solid line refers to the analytic
estimate. It is interesting to estimate the separation energy at
the point of intersection of the analytic and FRDWBA results,
and compare it with available data.
For 31Ne, our estimated separation energy value is 0.18MeV
which is consistent with the measured value (0.15+0.16
−0.10MeV)
via 1n-removal reactions [24]. On other-hand for 34Na our es-
timated separation energy is 0.24MeV and the measured value
0.5
1.0
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2.5
3.0
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0
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0 0.3 0.6 0.9 1.2 1.5
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2 f
m
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Fig. 4: Total B(E1) strength of 31Ne, 34Na and 37Mg as a func-
tion of separation energy. The dot-dashed line shows the FRD-
WBA contribution where we adjust the Woods-Saxon parame-
ters to obtain the correct separation energy of the projectile and
solid line is the analytical calculation.
(0.17 ± 50MeV) [23] has large error bars but still our esti-
mated value is consistent within these error bars along with
other theoretical estimates [26]. For 37Mg our estimated sep-
aration energy is 0.15MeV which is also consistent with the
measured value (0.22+0.12
−0.09)MeV [2]. This method could thus
be useful for making an initial estimates of the separation en-
ergy of weakly bound exotic nuclei, where measured data are
rare.
4 Conclusion
In summary, the dipole strength distribution has been studied
for three probable p-wave one-neutron halos 31Ne, 34Na and
37Mg lying in the island of inversion by using two different
approaches, i.e., with an analytic model and with the FRDWBA
theory.
One of the problems in a first order theory is to fix the posi-
tion and widths of continuum states. The first order analytical
model neatly overcomes this, at least for peripheral reactions,
by replacing the continuum wave function with that of an uni-
versal asymptotic type for the case of a loosely bound neutron
halo this is approximately a spherical bessel function. On the
other hand the FRDWBA, derived from a post-form reaction
theory framework, have contributions from the entire contin-
uum corresponding to all the multipoles and the relative orbital
angular momenta. The ground state wave function of the pro-
jectile is the only input to FRDWBA. The relative energy spec-
tra in the Coulomb dissociation of 31Ne, 34Na and 37Mg on
208Pb at 234, 100 and 244MeV/u, respectively was used as a
base to calculate the dipole strength distribution, in the FRD-
WBA theory.
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With a correction factor to the analytical model, derived
from an realistic potential, comparison with the FRDWBA re-
sults showed reasonably good agreement, at least at the total
dipole strength level. This led us to study the scaling of the total
B(E1) strengths with the one neutron separation energy. Apart
from analyzing the peak of the dipole strength distribution and
the relative energy spectra we believe our method of compar-
ing the total total dipole strengths could also lead to a good
estimate of the one-neutron separation energies for the p-wave
halos. Our estimated separation energy values are 0.18, 0.24
and 0.15MeV for 31Ne, 34Na and 37Mg, respectively. These
values are in good agreement with the experimental data, wher-
ever available, and the previous theoretical estimates.
Finally, let us also mention that nuclear breakup effects
cannot be completely eliminated although dominance of Coulomb
breakup can be ensured in experiments by considering forward
angle scattering. A proper estimation of nuclear breakup con-
tributions would require knowledge of optical potentials which
are difficult to obtain in this region. For the case of a light ex-
otic nucleus like 11Be breaking up on heavy target (197Au), the
nuclear breakup contribution to the total one neutron removal
cross section was estimated [48] to be of the order of 10%. So,
grossly we believe that for the breakup of exotic nuclei in the
medium mass region on a heavy target the nuclear contribu-
tion would be of a similar magnitude. This would also be an
interesting case to investigate further.
The present study, also, ignores the deformation effects in
the ground state of these p-wave halo nuclei for the time being.
The calculations with two dimensional scaling, including de-
formation, are in the progress and will be reported in the near
future.
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